We show that there exists a choice of gauge in which the electromagnetic 4-potential may be written as the difference of two 4-velocity vector fields satisfying a specific third order partial differential equation. The standard electromagnetic quantities then admit new interpretations as functions of the local 4-velocities. If the vector fields are associated with the motion of an underlying relativistic continuum, then electromagnetic waves are described by oscillations of that medium. The formulation in terms of 4-velocities is more general than that of the standard 4-potential in that it also allows for a classical description of a large class of vacuum energy configurations.
Introduction
Motivated by the fact that macroscopic waves tend to propagate in a medium of some kind, many physicists have in the past attempted to find a description of electrodynamics in which electromagnetic waves may also be described by the motion of an underlying medium, commonly referred to as the 'aether'
1 . Despite significant efforts, no such description was found, and the negative results of the MichelsonMorley experiment 2 put the final nail in the coffin of the aether concept as it was then understood. The failure of this program eventually led to the introduction of the concept of a 'field' 3,4 requiring no underlying medium, and on quantisation of these fields, to 'quantum field theory'.
We will demonstrate here that Maxwell's equations can in fact be derived from the motion of an underlying medium if we assume that the underlying spacetime is Lorentzian rather than Galilean. While our formulation is not identical to, or even necessarily as intuitive as the aether concept, it does show that an alternative description of electrodynamics did (and does) exist which did not require the introduction of the field concept. The medium can be interpreted as a relativistic continuum with two (basically identical) components whose motion satisfies a specific third order partial differential equation corresponding to the Lorentz force equation.
We will proceed as follows. In §2, we first establish a choice of reference frame and the coordinates that we will use to describe the motion of the continuum. We then define the 'continuum gauge', and show how the standard equations of electrodynamics appear if the 4-velocity of the continuum is associated with the specified components of the electromagnetic 4-potential in this gauge. The Lorentz force equation is found to translate into a third order partial differential equation which must be satisfied by the motion of the continuum.
In §3, we demonstrate the consistency of the continuum gauge by explicitly deriving the configurations associated with the infinitesimal point charge and the plane electromagnetic wave. We also state the relativistic counterpart of the principle of superposition and show that our formalism has sufficient freedom to allow for the description of a large class of vacuum configurations which cannot be accounted for in the standard 4-potential description. We are led to associate a mass density with the continuum and briefly explore its consequences.
We end in §4 with a summary and discussion of our results. We assume a metric with signature (+, −, −, −), and follow the conventions of Jackson 5 throughout.
The Relativistic Continuum
In this section we establish the reference system and the coordinates that we will use to describe the motion of the continuum, and define the 'continuum gauge', showing how the standard electrodynamic equations appear. In particular we show that the Lorentz force equation translates into a third order partial differential equation constraining the continuum's motion.
Coordinates and Reference Frames
Consider an arbitrary relativistic inertial frame with 4-coordinates x µ = (ct, x, y, z), so that the spacetime partial derivatives are given by ∂ µ = (
, ∇) respectively. Suppose there exists a continuum in relative motion to this frame which spans the entire spacetime. This continuum shall consist of two mutually independent components which respectively describe positive and negative charge configurations. We shall refer to these components as the 'positive continuum' and the 'negative continuum' respectively.
Let τ be the proper time in the inertial frame, and let r denote the 3-position (x, y, z) of a point in the continuum. Considering the instantaneous motion at proper time τ of the continuum at a point r, the 3-velocity of either component of the continuum at that point as measured by the inertial frame is,
where t is the time as measured by a clock moving with the continuum. We can therefore define the interval,
Similarly, we can define a 4-velocity vector field describing the motion of the continuum as,
where
is the Lorentz factor at each point. This 4-velocity clearly satisfies,
where partial derivatives ∂ ν u µ are written as u µ,ν for convenience. The above definitions and identities hold for both the positive and negative continua independently, and henceforth we will distinguish the two sets of variables by a '+' or '-' subscript respectively as necessary.
The Continuum Gauge
The key step is to split the electromagnetic potential 4-vector A µ into the sum,
of two components A µ + and A µ − , which we identify respectively (up to a choice of gauge) with the two continuum 4-velocities u µ + and u µ − (in appropriately selected units) as follows,
We will eventually be able to associate A 
We will refer to conditions (5), (6) and (7) as the 'continuum gauge'. This is a non-standard choice of gauge, but we will demonstrate its consistency in §2 where we show that any electromagnetic field configuration can be described uniquely by a potential 4-vector field with the form of (5) satisfying the continuum gauge conditions. The antisymmetric field-strength tensor can now be defined as,
Other standard properties now follow in the usual way. From the definition (8), F µν satisfies the Jacobi identity,
and this is just the covariant form of the homogeneous Maxwell's equations. One can define the 4-current as the 4-divergence of the field-strength tensor,
and this is the covariant form of the inhomogeneous Maxwell's equations. Charge conservation is guaranteed by the antisymmetry of the field-strength tensor. The covariant Lorentz force equation should take the following form for a continuum,
where Q is a scalar field describing the charge density distribution, W µ = (cγ w , γ w w) is a 4-velocity vector field describing the motion of the charge, and M is a scalar field which describes the mass density distribution for the charge. The Lorentz force equation cannot be derived directly from the definition of the 4-potential, and must be imposed as an auxiliary constraint.
The charge 4-velocity and scalar charge density are related to the 4-current density J µ through the following equation,
where, being a 4-velocity, W µ is constrained by,
This constraint allows us to separate the 4-current uniquely into the charge density and charge 4-velocity. Indeed it follows from (12) and (13) that,
so that,
where the sign of the 0-component of the 4-current appears to ensure that the 0-component W 0 of the charge 4-velocity is positive. Since the sign of J 0 cannot be flipped by a Lorentz transformation, each 4-velocity vector field can only account for either positive or negative charge configurations, and hence the need for two separate 4-velocity vector fields. The form of the charge 4-velocity in terms of the continuum 4-velocity then follows directly from (12). Besides the mass M which is determined by initial conditions, each of the terms in (11) may be written in terms of the 4-velocities u µ + and u µ − . From the definitions of F µν , J µ , Q and W µ , we find that the Lorentz force equation (11) translates into a complicated third order partial differential equation constraining the 4-velocities. The conservation of mass follows from the continuity equation for mass density,
which is ensured if the flow of mass density follows the flow of charge density. It remains for us to find an underlying equation of motion for the continuum such that these constraints are satisfied, and we will return to this in §3 after having derived the velocity distribution of the continuum outside of a point charge.
The Consistency of the Continuum Gauge
In §2.2 we identified the components A (6) and (7). We referred to this gauge choice as the 'continuum gauge'. It is not obvious that this gauge choice can be applied consistently to all electromagnetic field configurations, so we demonstrate its consistency here, with explicit details given for the infinitesimal point charge and the plane electromagnetic wave.
To proceed, we recall from the principle of superposition that any electromagnetic field configuration can be separated into two components, one generated solely by the motion of positive charges, and another generated by the motion of negative charges. We will show below that, irrespective of the specific configuration, the 'positive' component can be described by some 4-potential A µ + in the continuum gauge, which is derived from the motion of the positive continuum. An identical argument shows that the analogous result is also true for the 'negative' component, and together this suffices to prove consistency of the gauge choice.
There is actually a significant element of freedom inherent in the way this separation is made, in that it is always possible to add an arbitrary distribution of positive charges with arbitrary motion together with the same distribution of negative charges with an identical motion -the net effect of the two contributions will be to cancel each other. This freedom may have physical significance and we will come back to this point later.
The Infinitesimal Point Charge
The basic case which we must be able to account for is that of a static infinitesimal point-like positive charge element, as this can act as a generator of all other electromagnetic configurations based upon the motion of positive charges, through application of appropriate relativistic transformations (such as Poincaré transformations and relativistic accelerations) and the principle of superposition.
So let us consider an infinitesimal positive charge element q = lim r→0 ρδV (where δV = 4 3 πr
3 ) placed at the origin. The corresponding electromagnetic fields are given by,
We seek a potential 4-vector which accounts for this field configuration of the form,
where φ + is the scalar potential and A + is the vector potential, v is a velocity vector field satisfying v < c everywhere and γ = γ(v) is the associated Lorentz factor. The corresponding electromagnetic fields E and B are given by,
Since for any electrostatic configuration with stationary charges, B = ∇ × (γv) = 0, there must exist a scalar field ψ such that,
After some algebraic manipulation this can be seen to imply that,
This ratio is always less than one, as one would expect for a 4-velocity. Continuing the analysis we also find that,
so that in terms of ψ, the E field is given by,
Because of the rotational and time invariance of the problem, we need only look for solutions of the form ψ = ψ(r), so that ∇ψ = ∂ψ/∂r and the second term of (24) vanishes. Comparing with (17), it is clear that ψ must satisfy,
where we have defined α ≡ q/(4πε 0 ) for convenience, and β is an arbitrary constant of integration. Since the charge is positive and the velocity of the continuum should vanish at infinity, we require,
for a real solution to exist. From (25), the resulting differential equation for ψ is as follows,
where the positive square root must be taken. This can be checked by considering a small Lorentz boost of the charge/continuum along the x-axis, say, and insisting that the resulting B-field around the moving charge have the correct direction as observed in nature. This implies that the continuum flows away from the charge a , and moreover that the charge acts as a source for the continuum. The solution for the velocity field and the corresponding Lorentz factor is therefore,
It may appear at first sight that α rc becomes singular at the origin, implying that the continuum velocity in (28) becomes equal to c there. However, if we recall that in fact α ∼ r 3 and that we should consider the limit as r tends to 0, then it is clear that the continuum velocity vector field v, is in fact infinitesimal, as we should expect for an infinitesimal charge element.
The above proves that the electromagnetic fields outside a positive point charge can indeed be described by the motion of the continuum, and that the corresponding potential 4-vector A obtained from the original by a relativistic transformation (such as Poincaré transformations or relativistic accelerations) is described by the relativistically-transformed 4-potential, which will of course remain in the continuum gauge.
By an identical argument to the above we can also show that any field configuration described by the motion of negative charges is described by a unique 4-potential A µ − in the continuum gauge. Because any field configuration can be separated into a sum of positive and negative charge contributions (albeit not uniquely), this completes our demonstration of consistency for the continuum gauge.
The Plane Electromagnetic Wave
While it is easy enough to claim that all electromagnetic configurations can ultimately be described by the motion of charges, there do exist nontrivial configurations in which no charges are present, the most obvious and important example being that of the electromagnetic wave. It is therefore important, both for this reason and from a historical perspective, to show explicitly how plane waves arise in the present context from the motion of the relativistic continuum. We turn to this problem now.
Let us consider a plane electromagnetic wave with wave-vector k travelling in the x-direction with the E-field plane-polarised in the y-direction. The 4-potential describing this plane wave is,
(where ω = ck), with corresponding E and B fields,
We therefore seek solutions of the form,
Applying (5) and equating with (29) we obtain the two conditions,
Ignoring for the time being equal velocity motions of both positive and negative continua (these do not affect the 4-potential and will be discussed in the next subsection), these two conditions together imply that,
where,
and we have defined A = A y cos(ωt − kx) for convenience. Equation (35) shows that the velocities of the positive continuum and the negative continuum are equal in magnitude and opposite in direction, so that there is no net charge, with the motion of both being parallel to the electric field but ∓π/2 radians out of phase respectively. It follows from (36) that the velocity of the continuum can never exceed the speed of light, irrespective of the intensity of the plane wave. Substituting (36) into (32) the motion of the continuum is given by,
These equations clearly show that the propagation of a plane electromagnetic wave is described by the oscillation of the medium in the direction of the electric field -the positive continuum oscillates π/2 out of phase with E while the negative continuum oscillates with the same magnitude and precisely the opposite phase. Thus the propagation of electromagnetic waves is seen to be a direct manifestation of the oscillations of the underlying relativistic continuum.
The Principle of Superposition
The principle of superposition still holds, albeit in a new relativistic form. Consider two potential 4-vector fields A 
By judicious application of relativistic transformations and the principle of superposition to the solution for an infinitesimal charge element, we can in principle model any electromagnetic field configuration described by the motion of positive charges by a unique 4-potential A µ + in the continuum gauge, with the obvious extension to the general case involving also A µ − . As mentioned briefly earlier, the decomposition in terms of 4-velocities u µ + and u µ − is not unique because of the possibility of (relativistically) adding the same arbitrary time-dependent 4-velocity vector field to both A µ + and A µ − without changing the resulting 4-potential. This additional freedom corresponds to a large class of vacuum configurations which can perhaps be interpreted in terms of the motion of an arbitrarily distributed 'Dirac sea' of particles and antiparticles whose electromagnetic effects precisely cancel each other. This would appear to provide a means of adding energy density to the vacuum without any observable electromagnetic effects.
If on the other hand, one would like to remove this freedom one can choose to constrain A µ + and A µ − in such a way that the sum of the magnitudes of the scalar potentials φ + − φ − is minimised point by point leaving no redundant charges contributing to the Dirac sea. If this constraint is applied there remains only one solution for the infinitesimal charge element (in fact the one which we have derived), and the number of solutions cannot be increased either by relativistic transformations or by superposition. Moreover the decomposition of any electromagnetic field configuration into positive and negative contributions becomes unique so that there is no remaining redundancy to be accounted for in this gauge.
